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Operator inclusions problem

Let H,G be Hilbert spaces, A: H — H, B: G — G be maximally monotone
operators and L : H — G be a linear, bounded continuous operator. We are
interested in finding a point u € H which solves the following inclusion problem
0€ Au+ L*Blu. (P)

The dual inclusion problem to (5) is to find v* € G such that

0€ —LA Y (—Lv*) 4+ B v~ (D)
A point u € H solves (5) if and only if v* € G solves (D) and (u,v*) € Z, where

Z:={(u,v*)EHXG| —L*v: €Au and Luc B lv*}.

Z is a closed convex set. We assume that Z is nonempty.
The aim is to find a point from Z.
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The approach

The idea of Eckstein and Svaiter is to construct halfspaces satisfying
Z CHy i ={(u,v*) e xH | p(uv*) <0}
(in their original formulation L = Id), with
e(u,v*)i=(u—b | b" —v*)+(u—a|a*+v*), (aa")ecgphA, (b,b*) € gphB.

This idea has been continued by Zhang and Cheng, Alatoibi and Combettes and

Shahzad.
J. Eckstein and B. F. Svaiter. “A family of projective splitting methods for the sum of two maximal monotone operators”. |-
Mathematical Programming 111.1 (2008), pp. 173-199. 1ssN: 1436-4646. DOI: 10.1007/s10107-006-0070-8. URL

http://dx.doi.org/10.1007/510107-006-0070-8
Hui Zhang and Lizhi Cheng. “Projective splitting methods for sums of maximal monotone operators with applications”. In: Journal of
Mathematical Analysis and Applications 406.1 (2013), pp. 323 —334. 1ssN: 0022-247X. DOI

https://doi.org/10.1016/j. jmaa.2013.04.072


https://doi.org/10.1007/s10107-006-0070-8
http://dx.doi.org/10.1007/s10107-006-0070-8
https://doi.org/https://doi.org/10.1016/j.jmaa.2013.04.072
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Relation to convex optimization problems

A = 0f, B = Og - subdifferentials of convex functions f and g,
f:H —]—oco,+00] g: G —] — o0, +00], proper, |l.s.c.

under some constraint qualification our problem corresponds to the
minimization
minimizeyey f(x) + g(Lx)

the Fenchel-Rockafellar dual problem
minimize,+cg f*(—L*v*) + g*(v")
and the associated Kuhn—Tucker set is the set Z coincides with (3)
Z={(x,v*)€eHXxG| —L*v*" € 9f(x) and Lx € 9g*(v*)}

the set Z is a natural extension of the Kuhn-Tucker set
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Inspiration - Eckstein and Svaiter, 2007 - decomposable separator

@ original problem: 0 € Ax+ Bx (no L and H=G)
@ extended solution set
Se(A,B) ={(x,v*) € HXH| —v* € Ax and v* € Bx}
@ this is the Kuhn-Tucker set Z
Q Factl: x€ (A+B)71(0) & Iv* €H st. (x,v*) € Se(A,B)
proof: 0 € Ax+Bx = 3 v¥*eH —v*e€Ax and v* € Bx

@ Fact 2: A, B:H = H, then Sc(A, B) is closed and convex
@ Let (b,b*) € GphB and (a,a*) € GphA and let ¢ : H x H — R

p(x,v*) i =(x—b,b* —v*) + (x —a,a* + v*)

@ Fact 3. Given (b, b*) € GphB and (a, a*) € GphA. We have
@ S.(A,B)C{(x,v')EHXH]| e(x,v") <0}
@ additionally: ¢ is both continuous and affine,

V=0 & (b,b") € Se(A,B), b=a,a" = —b"

)
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Inspiration - Eckstein and Svaiter, 2007 - the resulting algorithm

1 for k =0,1,... do, start with arbitrary pg = (x0,vg) € H x H
2: Choose (by, b;) € GphB, (ax, a;) € GphA

3: Define
(X, V") == (x = by, by — v*) + (x — ak, aj + v™)
4: Compute p, = (X, V) to be the projection of p, = (xx, v;) onto
Hy == {(x,v*) € H X H | pr(x,v*) <0}
5: Choose a relaxation parameter p, € (0,2) and let
Prt1 = Pk + pi(Bx — Pk)
6: end for

Rezolvent of subdifferential Jyg¢

@ )\ >0,z=Jyor(x) = (I + NOf)"1(x), i.e. x € z+ NIf(2)
@ can be rewritten: 0 € 9;(f(z) + %)\”Z — x||3)

@ which is the same as: z = argmin,, (f(u) + %)\Hu — x13) = Prox,r(x) = Jror(x)
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Successive Fejér approximations iterative scheme

Let {Hn}nen C H X G, be a sequence of convex closed sets such that Z C Hp, n€ N.
The projections of any x € H x G onto Hj are uniquely defined.

Algorithm 1 Generic primal-dual Fejér Approximation lterative Scheme

1: Choose an initial point xo € H X G
2: Choose a sequence of parameters {An},>0 € (0,2)
3: forn=0,1... do a

4 Xp+1 = Xn + An(PH,,(Xn) - Xn)

5: end for
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Convergence result

For any sequence generated by Iterative Scheme 1 the following hold:

O {xn}tnen C H X G is Fejér monotone with respect to the set Z, i.e

vnEN VZGZ ||Xn+1 - z” < ”Xﬂ - Z”’

+oo
@ 3 An(2 = An)l|Ph, (xn) = xnl|* < +o0,
n=0

Q if
Vx € H X GV{kn}tnen CN x, —x = x€Z,

then {xn}nen converges weakly to a point in Z.

Ha, bx = {X EH G| <X \ 5;,,,1,;;> < ﬂan,b;},
Sonbr = (@ + L"by, bn — Lan), nay b = (an | a5) + (bn | b7)

1)

with
an = ’YnA(Pn - 'YnL* V:)’ bp = Ju,,B(Lpn + :uﬂv:)f
ap =, (pn—an) — L*vi, by = py N (Lpn — b)) + vy,

It easy to see Hy,, = H,, px, where ©n = @(an, b};).
9/33
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Best approximation iterative schemes

For any x,y € ‘H x G we define
Hioy) ={heH xG|[{h—y|x—y) <0}

As previously, let {Hn}nen C H X G be a sequence of closed convex sets, Z C H, for
neN.

Algorithm 2 Generic primal-dual best approximation iterative scheme

Choose an initial point xo = (po, v5) € H x G
Choose a sequence of parameters {\,},>0 € (0,1]
forn=0,1... do -
Fejérian step
Xny1/2 = Xn + An(PH, (Xn) — xn)
Let C, be a closed convex set such that Z C C, C H(xn,an/Q).
Haugazeau step
Xn+1 = Phi(xg,x,)nC, (X0)
end for

The choice of Cp = H(xn, Xp41/2) has been already investigated in [1].

10/33
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Convergence

Theorem

Let Z be a nonempty closed convex subset of H x G and let xo = (po, v5) € H x G.
Let {Cn}nen be any sequence satisfying Z C Cp C H(xn, Xp41/2), n € N. For the
sequence {xn}neN generated by lterative Scheme 2 the following hold:

© Z C H(xo,xn) N Cp for n €N,

Q |[Ixnt1 — xoll = [Ixn — xo| for n €N,

400
0 3 [lxn+1 — xnll* < +o0,
n=0

+oo 2
o Eo [1Xn11/2 = Xnl|* < +o0.
=

Q If
Vx € Hx GV{kn}pen CN Xxi, = x = x € Z,

then xn — Pz(xo).
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Yves. Haugazeau. “Sur les inequations variati lles et la minimisation de foncti convexes”. French. PhD thesis. [S.1]: [s.n],
1968

Heinz H. Bauschke and Patrick L. Combettes. Convex analysis and monotone operator theory in Hilbert spaces. CMS Books in
Mathematics/Ouvrages de Mathématiques de la SMC. With a foreword by Hédy Attouch. Springer, New York, 2011, pp. xvi+468. 1SBN:
978-1-4419-9466-0. DOI: 10.1007/978-1-4419-9467-7. URL: http://dx.doi.org/10.1007/978-1-4419-9467-7

Abdullah Alotaibi, Patrick L. Combettes, and Naseer Shahzad. “Best approximation from the Kuhn-Tucker set of composite monotone
inclusions”. In: Numer. Funct. Anal. Optim. 36.12 (2015), pp. 1513-1532. 1ssN: 0163-0563. DOI: 10.1080/01630563.2015.1077864.

URL: http://dx.doi.org/10.1080/01630563.2015.1077864
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Generic best approximation algorithm

Let xp = (uo, v§) € H X G.
1: for n=0,1,... do

2 (un+1v V:+1) = PHl(xo,(u,,, vE))NHo (up, v (XO)
3: end for
where

Hi(xo, (u,v*)) :={h € H x G | (h—(u,v") | xo — (u,v™")) <0},
Ho(u,v*):={heH x G| (h]|g(uv*)) <Ff(uv")}, ZC Ha(u,v*),
g:HXG—>HXG, f:HXG—=R

for suitably chosen f and g.

Z C Hi(xo0, (un, vy)) N Ha2(un, v;) = Z C Hi(xo0, (Unt1,Vpi1))s n€EN J

13/33
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Special case with resolvents

Let xo = (uo, v§) € H x G.
1: for n=0,1,... do
2; Pick (Yn, itn) € [g,1/€]?
3 a(un, vy) = Jy,alun —nl* Vi), @ (un, vi) = - (un — ynLl* vy — a(un, v;))

4 b(un,vy) = Jups(Lun + pnvy), b* (un, viy) = ;b (Lun + pinvyy — b(un, viy))
5: if s(un, v;) =0 then

6: o=ay v*=0b}, (a,v)eZ

7 terminate

8: else

9: (Un+1, V:+1) = PHl(xo,(u,,,v,T))I’THZ(U",V”*)(U(L VJ)

10: end if

11: end for

& (un, v2) + L7 (un, v7)
b(u,,,v,j“)—La(un,v,T) ’

nun, v) :=(a(un, viy) | @ (un, vi)) + (b(un, vy) | b*(un, v7)),
Ha(un, vy) :i={h € H x G | (h | s(un, vy)) < n(un, vy)}-

where  s(un, V) :

Theorem (Alatoibi, Combettes, Shahzad, 2015)

(un)nen converges strongly to a point i, (va)nen converges strongly to a point v* and
(@,7*) = Pz(xo).
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Lipschitzness of data

Q Let (u,v*) €D := cIB(X°+PZZ(X°), ”XU_’;Z(XO)” )- Then Pz(xo) € Hi(xo, (u, v*))
and for all (u,v*) ¢ D, Pz(x0) ¢ Hi(xo, (u,v*))

@ Let v, € Riy. Operator n: D — R, defined as

) = (yalp = HLTV) | 2 (=1L = alu = L")
- UL+ av*) | L* (L + av*))

is Lipschitz continuous on D.
© Let y,u € Ri4. An operator s: H X G — H X G defined as
Lu—AL*v — dya(u —yL*v)) + iL*(Lu + puv* — Jug(Lu + pv*)) }

*) = v
s(uv) = | Jup(Lu+ ) = Liya(u = 4L*v)

is Lipschitz continuous on H X G.
o Hi(xo0, (u, v*)) N Ha(u,v*) =

(x| Xo = (u,v7))
(x| s(u, v*))

{xe’ng'

ININ

((u, v) | x0 = (u,v7)), }

n(u, v¥)
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Dynamical systems and iterative solution schemes

@ U. Helmke and J. Moore. Optimization and dynamical systems (1996),A. Taylor,
B. Van Scoy, L. Lessard Lyapunov Functions for First-Order Methods: Tight
Automated Convergence Guarantees (2015), J. Schropp and I. Singer. A
dynamical systems approach to constrained minimization, (2000)

@ R.l. Bot, E.R. Csetnek, A dynamical system associated with the fixed point set
ofa nonexpansive operator (2018), A.S.Antipin, Minimization of convex functions
on convex sets by means of differential equations (1996)

© B.Abbas, H. Attouch, Dynamical systems and forward-backward algorithms
associated with the sumof a convex subdifferential and a monotone cocoercive
operator (2014), B. Abbas h. Attouch B.F. Svaiter, Newton-like dynamics and
forward-backward methods for structured monotone inclusions in hilbert spaces
(2014), H. Attouch, M.-O. Czarnecki, Asymptotic behavior of coupled dynamical
systems with multiscale aspects (2011)

@ S. Boyd, W. Su, E.J. Candés, A Differential Equation for Modeling Nesterov's
Accelerated Gradient Method; Theory and Insights (2014)
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Modeling Nesterov's accelerated gradient method

@ starting xp, Yo = Xo

k—1
Xk =Yg — SVF(yk—1), Yk =Xk + P 2(Xk — Xk—1)-
@ combining the two with a rescaling we get
Xk+1 — Xk Xk41 — Xk
= — V/sf(yk-1) )

Vs Vs
xk &= X(k+/s) for some smooth curve X(t), t > 0, we put k = t/\/s

as s — 0, then X(t) = x,/, 5 = xx and X(t + v/5) = X(11 /5)/ /5 = Xk+1
© by the Taylor expansion

© 0

Lf;“ = X(t)+ %)’&(r)\/ﬂ o(v/s), L@“ = X(t)— %X(t)ﬁ-ﬁ-o(\/?)
@ together with \/sVf(yx) = /sVF(X(t)) + o(y/s) the formula (2) gives
)?—i—%X—i—Vf(X) =0

with X(0) = xo, X(0) = 0.
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Projected Dynamical System and Differential Variational Inclusion

The differential projection of the vector h at x € D C ‘H X G with respect to the set D

P, Ath) —
HK(X7h):A“mO%.
t—

A projected dynamical system (PDS) takes the form

x(t) = Np(x(t), F(x(t)))= F(x(t)), fora.at>0, (PDS)

x(0) =x0 € D,

where D — bounded closed convex set, F : D — H X G — vector field defined as
F(x(£)) := Phy (g x(£))nHa(x(1)) (X0) — x(2)-

(PDS) is a particular case of a differential variational inclusion (DVI) given as follows

x(t) € F(x(t)) — Np(x(t)), fora.at>0,

(DVI)
x(0) = xo.
We are interested in finding an absolutely continuous function x : Ry — D satisfying
(PDS).!
1(PDS) consists in finding the slow solution (solution of the minimal norm) of (DVI).
J. Gwinner. “On differential variational inequalities and projected dynamical systems—equivalence and a stability result”. In: Discrete

Contin. Dyn. Syst. Dynamical systems and differential equations. Proceedings of the 6th AIMS International Conference, suppl. (2007)
pp. 467-476. 1sSN: 1078-0947
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Discretization of (PDS) - relation to Best Approximation Algorithm

Discretization of (PDS) with respect to time variable t and step size 1 > h, > 0

Xn+1 — X
FE = it s to) (0) — 5 )
n
Taking stepsizes h, = 1 gives
Xn+1 = Py (x0,x0) " Ha (xn) (X0)- (4)

This shows that the best approximation sequence {xn},en satisfies the discretized
(PDS) .

21/33
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Existence results for PDS

Theorem (Cojocaru, Jonker)

Let F : D — H X G be a Lipschitz continuous vector field with Lipschitz constant b.
Let xo € D and r > 0 such that ||x|| < r. Then the initial value problem

LA Mp(x(t); F(x(t))), x(0) = xo € D has a unique solution on the interval [0, ],

here ¢
where = TETRT -
IED]EE
Monica-Gabriela Cojocaru and Leo B. Jonker. “Existence of solutions to projected differential equations in Hilbert spaces”. In: Proc
Amer. Math. Soc. 132.1 (2004), pp. 183-193. 1ssN: 0002-9939. po1: 10.109 9939-03-07015-1

https://doi.org/10.1090/50002-9939-03-07015-1

Theorem (Cojocaru)

Under assumptions of the above Theorem for the initial value problem

dx(t 5
d(t) = Nk (x(t); F(x(t))), x(0) = xo € D the solutions can be extended to [0, +o0)
Monica Gabriela Cojocaru. Projected dynamical systems on Hilbert spaces. Thesis (Ph.D.)-Queen’s University (Canada). ProQuest LLC,

Ann Arbor, MI, 2002, p. 89. 1SBN: 978-0612-73289-6

Problem: Lipschitzness of projection G(x(t)) = P (xy,x(¢))nHa (x(t)) (¥0)- J
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Lipschitzness of projection onto moving polyhedral sets

Let X be a Hilbert space and D C X. Let H: D = X set-valued mapping given as

o (x| &(p)) = fi(p), i€h
”(”)'—{XGX' xlgp) < flp) ich }’H(P#@’PED’

where fi(p) : D =R, gi(p): D — X, i € 1 U are Lipschitz functions.
Let xo € D. For p € D the function G(p) = Py(,)(x0) is well defined.
Finding Pp,)(x0) is equivalent to find y € H(p) solving variational inequality
(xo—y | x—y)y<0 forall x € H(p). (V1)

Let
P(x0,p) := {x € X | xo € x + Oxh(x, p)},

where stands Oy h(x, p) for the partial limiting subdifferential of h with respect to x.
If h(x, p) = tH(p)(x), where ¢ is the indicator function of H(p), then

P(x0, P) = Pi(p)(x0) = (Nppy + 1)~ (x0),

where Nyy,) is the normal cone to H(p). The case where

Hp):={xeR"| (x|g) < fip), i€h }, Hp)#0, peD,

was investigated e.g. in
N. D. Yen. “Lipschitz Continuity of Solutions of Variational Inequalities with a Parametric Polyhedral Constraint”. In: Mathematics of
Operations Research 20.3 (1995), pp. 695-708. 1ssN: 0364765X, 15265471. URL: http://www.jstor.org/stable/3690178
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General parametric variational system
General parametric variational system of finding x € X
v € f(x,p,q) + Oxh(x,p), forpeP, ge Q,ve X,

p, g - parameters, Oxh stands for the partial limiting subdifferential of the function h
with respect to variable x. For h(x, p) = tyyp)(x) and f(x, p,q) = x, v = xo.

Theorem (Mordukhovich, Nghia, Pham)

Let p € D and hypotheses (A2) and (A3) of paper [1] be satisfied. The following are
equivalent:

(i) There exists a neighbourhood V' of xq a neighbourhood U of p such that

[I(vi = v2) — 260(Ph(p) (V1) — Prpy) (v2)) Il < [lva — val| + bollpr — p2||

holds for all (v, p1), (v2, p2) € V x U with some positive constants kg and £g.
(if) Graphical subdifferential mapping

R: p— gphNy,(-)

is Lipschitz-like around (p, H(p), xo — H(p)), where Nyy,)(x) is the normal cone
to H(p) at x € H(p).

[1] B. S. Mordukhovich, T. T. A. Nghia, and D. T. Pham. “Full Stability of General Parametric Variational Systems”. In: Set-Valued

and Variational Analysis (2018). 1ssN: 1877-0541. pol: 10.1007/s

018-0474-7
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Relaxed constant rank constraint qualification (RCRCQ)

For any (p,x) € D x H let Ip(x):={i€ hUh | (x| gi(p)) = fi(p)} be the active
index set for p € D at x € H.

Definition

The Relaxed constant rank constraint qualification (RCRCQ) is satisfied in (X, p),

X € H(p), if there exists a neighbourhood U(p) of p such that, for any index set J,
h C J C I5(x), for every p € U(p) the system of vectors {gj(p),i € J} has constant
rank. Precisely, for any J, I} C J C I5(x)

rank(gi(p, ), i € J) = rank(gi(5),i € J) for all p € U(p).

L. Minchenko and S. Stakhovski. “Parametric Nonlinear Programming Problems under the Relaxed Constant Rank Condition”. In: SIAM
Journal on Optimization 21.1 (2011), pp. 314-332. DOI: 10.1137/090761318. eprint: https://doi.org/10.1137/090761318. URI
https://doi.org/10.1137/090761318

This definition has been introduced in finite dimensional case by Minchenko and
Stakhovski for more general set-valued mappings

o &-i(pvx) = 0 i€l
Moy = e §003 20 Eh )

where & : R” X R™ — R, i € l; U I, are continuously differentiable functions with
respect to variable x. Non-parametric versions of constant rank qualifications has been
studied by Kruger and Minchenko and Outrata, Andreani and Haeser and Schuverdt
and Silva.
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R-regularity of a set-valued mapping

Let C: D = H be a multifunction defined as C(p) := C(p), where

_ (x| gi(p))y =fi(p), i€h,
clp) = {X €H ’ (x| p) < filp), ich } ®)

andfi: D—=R,gi: D—>H,iehUb, h={1,....m}, b={m+1,...,n} are
Lipschitz on D with Lipschitz constants £, {g;, respectively.

Definition

Multifunction C : D = H given by (5) is said to be R-regular at a point (p, X), if for
all (p, x) in a neighbourhood of (p, X),

dist (x,C(p)) < amax{0, |(x | gi(p)) — fi(p)|, i € I, (x| &(p)) — fi(p), i € b}

for some o > 0.

Theorem

| A\

Let H, G be a Hilbert spaces and f; : D — R, g;j : tD — H are Lipschitz on D C G.
If the set-valued mapping C : D = H given by (5) is R-regular at (p,X), p € D,
X € C(p) then C is Lipschitz-like at (p, X)

A
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Lipschitz likeness of the graphical subdifferential mapping
Let p € D. The lower Kuratowski limit is defined as
liminf H(p) := {x € X | Vpx — p I xx € H(px) s.t. xx — x}
p—p
and G(ﬁ) = PH(ﬁ)(XO)'

Theorem (Main result 1)

Let X be a Hilbert space, p € D C H and

— (x| gi(p)) = fi(p), i€h
H(p) = {XGX | <X|gi(P)> < ﬁ(p), ich }7

where fi(p) : D — R, gi(p) : D — X are Lipschitz functions. Suppose that
xo ¢ H(p), G(p) € liminf H(p) and RCRCQ holds at (G(p), p). Then the graphical
p—p

subdifferential mapping
R: p — gphNyp)(-)

is Lipschitz-like around (p, G(p),xo — G(p))

Remark

Under the assumption of RCRCQ hypotheses (A2) and (A3) of Theorem
Mordukhovich, Nghia, Pham hold.

| 5\

A
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Lipschitzness of the projection

Consequence of main theorem 1 and theorem of Mordukhovich, Nghia, Pham

Theorem (Main result 2)

Let X be a Hilbert space and p € D C X. Assume that RCRCQ holds at (G(p), p)
and G(X) € liminf H(p). Then there exists a neighbourhood U of p and a constant
p—p

Lo > 0 such that

1G(p1) — G(P2)Il < Lollpr — p2Il,  (P1,p2) € U.
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Consequence for the vector field related to proximal primal-dual dynamical
system

Consequence for the vector field related to proximal primal-dual dynamical system

Let h =0, h ={1,2}, 2= Pz(x0) . Let xo e H X G, p € D\ {x0, Pz(x0)} and

G(p) := G(u,v™) := Hi(xo, (u, v*)) N Ha(u,v*) =

o= () < (v | 20— (u,v)),
{Xe’“g‘ (x| s(u,ve)) < nlu,v7) }

N

Let gi(p) := g1(u, v*) :== x0 — (u, v*), g2(p) := g2(u, v*) := s(u, v*). Then g;(p),
i € I;(H(p)) are linearly independent and moreover set-valued mapping H satisfies
RCRCQ at (H(p), p)-

Remark

| A\

Let us note that gi1(xo) = g1(uo, v§') = 0 and g2(Pz(x0)) = g2(d, v*) = s(d, v*) =0
and at points xp, Pz(xo) RCRCQ does not hold.
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Pz(x0) — xo
v i=x0 +ep—r—t
! "1Pz(x0) — xoll
x0 — Pz(x0)

yn =P, X0 +en——r 3
2 :=P200) e L B o)l

en >0, Dn:=DnNH(y,x0)NHi(y2, Pz(x0))-
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Consequences

Let H X G be finite-diminensional Hilbert space. Let e, = % and D, C D C H x G be
defined as before. Then D = |J, D, and for any n € N, F is Lipschitz continuous on
D;. Hence projected dynamical system

x(t) = Np,(x(t), F(x(t))), fora.at>0,

BA — PDS,
x(0) = xo0,n, x(t)€ D, foraat>0 ( )

is uniquely solvable for each n and the solution x(t) of (BA — PDS,,) is absolutely

continuous. )
J. Gwinner. “On differential variational inequalities and projected dynamical systems—equivalence and a stability result”. In: Discrete
Contin. Dyn. Syst. Dynamical systems and differential equations. Proceedings of the 6th AIMS International Conference, suppl. (2007)
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Thank you for your attention!
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