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Error Bounds

X – metric space, f : X → R∪ {+∞}, x̄ ∈ Sf := {x ∈ X | f (x) ≤ 0}

Definition
f has a local error bound at x̄ if ∃τ > 0, δ ∈ (0,∞] s.t.

τd(x , Sf ) ≤ f+(x) for all x ∈ Bδ(x̄)

f+(x) := max{f (x), 0}

Metric subregularity/calmness of set-valued mappings

Subtransversality/linear regularity of collections of sets

Convergence analysis of algorithms

. . .

Er f (x̄) := lim inf
x→x̄

f (x)>0

f (x)

d(x , Sf )
> 0
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Error Bounds

X – Asplund space, f : X → R ∪ {+∞} – lsc, x̄ ∈ Sf

Definition
f has a local error bound at x̄ if ∃τ > 0, δ ∈ (0,∞] s.t.

τd(x , Sf ) ≤ f+(x) for all x ∈ Bδ(x̄)

Theorem

If ∃δ ∈ (0,∞] s.t. d(0, ∂f (x)) ≥ τ > 0 ∀x ∈ Bδ(x̄) ∩ [f > 0], then

τd(x , Sf ) ≤ f+(x) for all x ∈ B δ
2
(x̄)

∂f (x) – Fréchet subdifferential of f at x
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Error Bounds

X – Asplund space, f : X → R ∪ {+∞} – lsc, x /∈ Sf , τ > 0

Lemma
Let 0 < f (x) < M , α ∈ (0, 1]. If d(0, ∂f (u)) ≥ τ ∀u ∈ X with
‖u − x‖ < αd(x , Sf ), f (u) < M , f (u) < τd(u, Sf ), then

ατd(x , Sf ) ≤ f (x)

Tools:

1 Ekeland variational principle

2 (Approximate) sum rule for Fréchet subdifferentials
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Hölder Error Bounds

X – Asplund space, f : X → R ∪ {+∞} – lsc, x̄ ∈ Sf

Definition
f has a local error bound of order q > 0 at x̄ if ∃τ > 0, δ ∈ (0,∞]
s.t. τd(x , Sf ) ≤ f q+(x) for all x ∈ Bδ(x̄)

Sf q+
= Sf

Theorem
Let q > 0. If ∃δ ∈ (0,∞] s.t. qf q−1(x)d(0, ∂f (x)) ≥ τ > 0
∀x ∈ Bδ(x̄) ∩ [f > 0] with f q(x) < τd(x , Sf ), then

ατd(x , Sf ) ≤ f q+(x) for all α ∈ (0, 1] and x ∈ B δ
1+α

(x̄)

Er qf (x̄) ≥ q lim inf
x→x̄ , f (x)>0

d(0, ∂f (x))

f 1−q(x)
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X – Asplund space, f : X → R ∪ {+∞} – lsc, x̄ ∈ Sf , τ > 0
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Let q ∈ (0, 1]. If ∃δ ∈ (0,∞] s.t. d(x , Sf )q−1d(0, ∂f (x))q ≥ τ
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Alexander Kruger (FedUni Australia) Hölder error bounds WoMBaT 2018 15 / 23
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Hölder Error Bounds

X – Asplund space, f : X → R ∪ {+∞} – lsc, x̄ ∈ Sf , τ > 0

Theorem (Quantitative characterizations)

Let q ∈ (0, 1], 00 = 1. Consider the following conditions:

1 τd(x , Sf ) ≤ f q+(x) for all x near x̄

2 qf q−1(x)d(0, ∂f (x)) ≥ τ for all x ∈ [f > 0] near x̄

3 qq(1− q)1−qd(x , Sf )q−1d(0, ∂f (x))q ≥ τ for all x ∈ [f > 0]
near x̄

Then (2) ⇒ (1); (3) ⇒ (1); (2) ⇒ (3) with (1− q)1−qτ in place of τ
If q = 1, then (2) and (3) coincide
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Hölder Error Bounds

X – Asplund space, f : X → R ∪ {+∞} – lsc, x̄ ∈ Sf

Corollary (Qualitative characterizations)

Let q ∈ (0, 1]. f has a local error bound of order q at x̄ if one of the
following conditions is satisfied:

1 lim inf
x→x̄ , f (x)>0

f q−1(x)d(0, ∂f (x)) > 0

2 lim inf
x→x̄ , f (x)>0

d(x , Sf )q−1d(0, ∂f (x))q > 0

Alexander Kruger (FedUni Australia) Hölder error bounds WoMBaT 2018 18 / 23
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Error Bounds: Convex Case

X – Banach space, f : X → R ∪ {+∞} – convex lsc, x /∈ Sf , τ > 0

Lemma
1 Let α ∈ (0, 1]. If d(0, ∂f (u)) ≥ τ ∀u ∈ X with
‖u − x‖ < αd(x , Sf ), f (u) ≤ f (x), f (u) < τd(u, Sf ), then
ατd(x , Sf ) ≤ f (x)

2 If τd(x , Sf ) ≤ f (x), then d(0, ∂f (x)) ≥ τ

Theorem
Let x̄ ∈ Sf . The following conditions are equivalent:

1 τd(x , Sf ) ≤ f+(x) for all x near x̄

2 d(0, ∂f (x)) ≥ τ for all x /∈ Sf near x̄
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1 Let α ∈ (0, 1]. If d(0, ∂f (u)) ≥ τ ∀u ∈ X with
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Let x̄ ∈ Sf . The following conditions are equivalent:
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1 f has a local error bound of order q ∈ (0, 1] at x̄
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f q−1(x)d(0, ∂f (x)) > 0

3 lim inf
x→x̄ , f (x)>0

d(x , Sf )q−1d(0, ∂f (x))q > 0

Alexander Kruger (FedUni Australia) Hölder error bounds WoMBaT 2018 21 / 23
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