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Voronoi cells



Basic facts about Voronoi diagrams

Let T" C R™ be a finite set. The Voronoi cell of s € T is

Vir(s) = {ac c R" : dist(x,s) < ter;\\i?s}dist(a;,t)}.

Voronoi cells are used in computer graphics, crystallography, fa-
cility location, and other areas including school catchment areas.
First recorded use in [René Descartes, Principia philosophiae, 1644].

[G.L. Dirichlet. Uber die reduktion der positiven quadratischen formen mid

drei unbestimmten ganzen zahlen, 1850]

[M.G. Voronoi. Nouvelles applications des parameétres continus a la théorie

des formes quadratiques, 1908]


http://www.schoolcatchment.com.au/?page_id=825
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Every polyhedral set is a Voronoi cell




Higher order (multipoint) Voronoi cells




Higher order (multipoint) Voronoi cells

Higher order cells are utilized in a numerical technique for smooth-
ing point clouds from experimental data, for detecting and rec-
tifying coverage problems in wireless sensor networks, to analyze
coalitions in the US supreme court voting decisions and a k-
nearest neighbor problem in spatial networks.



Higher order cells are polyhedral

Vir(9) 1= {a: € R" : maxgeg dist(z, s) < minteT\Sdist(ac,t)}

Proposition 1. Let T be a finite subset of R"™, and let S be a
nonempty proper subset of T'. Then Vi (S) is the intersection of
|S|(|T| — |S|) closed halfspaces:

V)= ) {eer: -0 < (102517}

SES
teT\S



Empty cells

Theorem 2. Let T be a finite subset of R", and let S be a
nonempty proper subset of T. Then Vp(S) = 0 iff

On t— s
€ cone ,seS,tel'\S;.
(—1> {(HtIIQ—IIsIIQ) ) }

Corollary 3. For a finite subset T of R™ we have

Vir(s)=a VseT.

Moreover V(T \ {t}) # @ iff t is an extreme point (vertex) of
convT.

Corollary 4. Let T be a finite subset of R"™, and let S be a
nonempty proper subset of T. If (convS)n (T \S) # 0, then



Empty cells

Example 5. Let sy = (—1,0), s» = (1,0), t = (0,0).

1 1
Vr(S) = {(xlaCBQ) Lz < ——,x1 > —} = (.




Bounded cells

Theorem 6. Let T be a finite subset of R", and let S be a
nonempty proper subset of T. Then V(S) is bounded iff

cone{t—s,se€ S,teT\ S} =R"

It follows from Theorem 6 that if n > 2 and |T'| < 3 all nonempty
cells are unbounded.
Theorem 7. Let T be a finite subset of R™. If

T| < 2vn+ 1, (1)

then for any S C T the cell V(S) is unbounded.

Proposition 8. Let SC T C R", with |S| =3 and |T| = 4. Then
Vir(S) is either empty or unbounded.

Proposition 9. Let S C T C R?, with |S| =2 and |T| = 4. Then

Vir(S) is bounded iff (s1,s2) N (t1,tp) #= 0.



Nonempty interior

Theorem 10. Let T be a finite subset of R", and let S be a
nonempty proper subset of T'. Then intVp(S) #= @ iff

t— s

0,41 & conv { (HtHQ B ||8||2> , s€S5, te T\S} :
Example 11.7 = {(0,0),(1,1),(1,0),(0,1)}, S={(0,0),(1,1)}.




Decompositions

Proposition 12. Let T be a finite subset of R"™, and let S be a
nonempty proper subset of T. If |S| > 2, then

Vr(S) = U [V 3 (S \ {sH) N Vs(s)] . (2)

seS
Proposition 13. Let T be a finite subset of R"™, and let S be
a nonempty proper subset of T'. If there exist s1,so € S and
t1,t> € T\ S such that the inequalities

[s1 — x| < |lt1 ==l and |lso —zf| < |[t2 — z|] (3)

define the same halfspace, then these inequalities are nhonessen-
tial for Vir(S), i.e. they can be dropped from the system (1).



Decompositions

Theorem 14. Let T C R"™ be a finite set, let S := {s1,s2} C T
be a two-point set, and let

H:={z e R" ! [z - s1]| = [|[z — s2]|}
_ R - B _1 > 2
={z €R" ! (s1 —s0,7) = 2(||81H [s2[) }-

IfintVp(S) #0, then HNriF = () for every facet F of Vp(S).



An example




An example




Case sfudy inthe plane: 2 < |S| < |T| < 4

Proposition 15. Let S C T C R?, with |S| =2 and |T| = 4. The
following statements are equivalent:

a) Vir(S) is nonempty and at most one-dimensional.

b) The points of T are the vertices of a cyclic quadrilateral, with
the sites of S located opposite to each other (across a diagonal).
c) Vr(S) is a singleton.

Note that for the case |S| = 2 and |T| = 3 it is impossible to
have a nonempty bounded cell due to Theorem 6: the conic hull
of two vectors is always a proper subset of R2. This means that
we do not need to consider this configuration when discussing
the subsequent cases of bounded polygons.

Furthermore, in the case |S| = 3 and |T| = 4 it is impossible to
have a bounded cell, as was shown in Proposition 8.



One-dimensional cells

Since we have determined that we can not have a nonempty
bounded cell for |T'| = |S| + 1, the only possibility to have a
singleton cell is for |S| = 2 and |T| = 4. Furthermore, we can
focus on the latter case when studying other bounded cells.

It follows from the preceding discussion that it is impossible to
obtain line segments as multipoint VVoronoi cells in our setting.

Corollary 16. Let S C T C R?, with |S| = 2 and |T| = 4. Then
Vo (S) is not one-dimensional.

It follows from Corollary 16 that it is impossible to have a one-
dimensional cell for |T| = 4, |S| = 2, so both rays and lines are
impossible in this configuration.

Proposition 17. Let S C T C R", with |T| = |S|+ 1. Then Vy(S)
Is not one-dimensional.



Triangles

A two-point cell cannot be a triangle. We only need to prove
this for the case |S| =2 and |T| = 4.

Proposition 18. Let S ¢ T C R?, with |S| =2 and |T| = 4. Then
Vr(S) is not a triangle.



Bounded quadrilaterals

Proposition 19. Let F C R2 be a non-cyclic bounded quadrilat-
eral. Then there exist S C T C R?, with |S| = 2 and |T| = 4,
such that Vp(S) = F.



https://ggbm.at/tj5k8djc

Bounded quadrilaterals

Proposition 20. Let S ¢ T C R?, with |S| =2 and |T| = 4. Then
Vir(S) is not a cyclic quadrilateral.




Halfspaces

Proposition 21. Let FF C R"™ be a halfspace. Then for any two
integers T > o > 1 there exist S C T C R", with |S| = o and
'T| = 7, such that Vj(S) = F.



Infersections of parallel halfspaces

Proposition 22. Let FF C R™ be a nonempty intersection of two
parallel halfspaces with opposite normals. Then there exist S C
T C R", with |S| =2 and |T| = 4, such that Vip(S) = F.



Wedges

If V is the intersection of two non-parallel halfplanes,

V = {iU < RQ | <$,’01> < <CL,’01>, <$7U1> < <a,1)2>},

where vq,vo,a € R?, and {v1,vs} is a linearly independent system,
we can choose any point ¢ in the set

V= {33 c R? | <513,’U1> > <a,’01>, <£Ij,’01> > (a,?}2>},

and let s; and s, be the two reflections of ¢ with respect to the
lines (x,v;) = (a,v;), i =1,2.




Wedges

Proposition 23. Let

Fi={z € R"|{(z,v;) < b, (i=1,2)},

with vi vo € R™ linearly independent unit vectors and by,by € R.
Then there exist S C T C R™, with |S| = 2 and |T| = 4, such that
Vp(S) = F.



Unbounded polygons with three sides

Proposition 24. Let F be an unbounded polygon with three
(non-parallel) sides. Then there exist S C T C R?, with |S| = 2
and |T| = 4, such that Vp(S) = F.

Proposition 25. Let S C T C R?, with |S| =2 and |T| = 4. Then
Vir(S) is not an unbounded polygon with parallel sides and just
two vertices.


https://ggbm.at/va3appd2

Unbounded polygons with three sides

We note here that it is possible to have an unbounded polygon
with three sides for the case |S| = 3 and |T'| = 4 if and only if
the unbounded sides are non-parallel. Indeed, in this case we can
first build a wedge that defines the two unbounded sides, and
then add an extra site to define the extra inequality. For the case
of unbounded parallel sides, it is clear that the point ¢t should at
the same time lie outside of each of these parallel sides, which
IS impossible.



Unbounded quadrilateral #1

Proposition 26. Let ' be an unbounded quadrilateral with two
parallel sides. Then there exist S C T C R?, with |S| = 2 and
'T| = 4, such that Vip(S) = F.


https://ggbm.at/x9wcwdqa

Unbounded quadrilateral #2

Proposition 27. Let FF be an unbounded quadrilateral with no
sides parallel. Then there exist S C T C R?, with |S| = 2 and
T| = 4, such that Vi (S) = F.


https://ggbm.at/frz6b2rq

Some References

A. Gemsa, D. T. Lee, C.-H. Liu, and D. Wagner. Higher order city Voronoi diagrams.
In Algorithm theory—SWAT 2012, volume 7357 of Lecture Notes in Comput. Sci., pages
59—-70. Springer, Heidelberg, 2012.

N. Giansiracusa and C. Ricciardi. Spatial analysis of u.s. supreme court 5-to-4 decisions,
2018.

M. A. Goberna and M. A. Lopez. Linear semi-infinite optimization, volume 2 of Wiley Series
in Mathematical Methods in Practice. John Wiley & Sons, Ltd., Chichester, 1998.

M. A. Goberna, M. A. Lopez, and M. Todorov. Stability theory for linear inequality systems.
SIAM J. Matrix Anal. Appl., 17(4):730—-743, 1996.

M. A. Goberna, J. E. Martinez-Legaz, and V. N. Vera de Serio. The VVoronoi inverse mapping.
Linear Algebra Appl., 504:248—-271, 2016.

H. Kaplan, W. Mulzer, L. Roditty, P. Seiferth, and M. Sharir. Dynamic planar Voronoi
diagrams for general distance functions and their algorithmic applications. In Proceedings
of the Twenty-Eighth Annual ACM-SIAM Symposium on Discrete Algorithms, pages 2495—
2504. SIAM, Philadelphia, PA, 2017.

R. Klein. Abstract Voronor diagrams and their applications (extended abstract). In Compu-
tational geometry and its applications (Wiirzburg, 1988), volume 333 of Lecture Notes in
Comput. Sci., pages 148—157. Springer, New York, 1988.

M. Kolahdouzan and C. Shahabi. Voronoi-based k nearest neighbor search for spatial network
databases. In Proceedings of the Thirtieth International Conference on Very Large Data
Bases - Volume 30, VLDB ’'04, pages 840—851. VLDB Endowment, 2004.



Some References

L. Mallozzi and J. Puerto. The geometry of optimal partitions in location problems. Optim.
Lett., 12(1):203—220, 2018.

P. O'Neil and T. Wanner. Analyzing the squared distance-to-measure gradient flow system
with k-order voronoi diagrams. Discrete & Computational Geometry, Oct 2018.

E. Papadopoulou and M. Zavershynskyi. On higher order Voronoi diagrams of line segments.
In Algorithms and computation, volume 7676 of Lecture Notes in Comput. Sci., pages 177—
186. Springer, Heidelberg, 2012.

C. Qiu, H. Shen, and K. Chen. An energy-efficient and distributed cooperation mechanism
fork-coverage hole detection and healing in wsns. IEEE Transactions on Mobile Computing,
17(6):1247-1259, June 2018.

M.I. Shamos and D. Hoey. Closest-point problems. 16th Annual Symposium on Foundations
of Computer Science (sfcs 1975), pages 730—-743, 1975.

J. E. Martinez-Legaz, V. Roshchina, M. Todorov, On the Structure of Higher
Order Voronoi Cells, arXiv:1811.10257.



Thank you



