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The problem

Consider a family of functions I' C C(IR). We want to approximate a
continuous function f by a function g € T" over an interval [a, b]. We
use uniform norm ||f — gl[oc = suptepa ) [F(t) — g(t)]-

Today we are interested in approximating f using a continuous
piecewise polynomial.



Other families of functions

For some families of functions (polynomials, trigonometric
polynomials), the problem is largely solved. Approaches include:

> Algebraic
» Analytic
» Geometric

All approaches rely on the fundamental theorem of algebra, and
characterisations are given in terms of alternating sequences.



Piecewise polynomials

s is a piecewise polynomial (spline) over the interval [a, b], then
there exists knotsa =&y < & < ... <&pn <€my1 = band
polynomials pg, ..., pm such that s(t) = p;(t) forany t € [&, &11]
andanyi=0,...,m. The degree n of s is the maximum degree
amongst the polynomials py, . .., pm.

We assume that a bound on the degree n and the number of pieces
m + 1 are known, but not the location of the knots.

The fundamental theorem of algebra doesn’t apply.
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Notations and formulation

Denote by T = [a, b]™ the set of possible locations of m knots in
[a, b] and I1,, the set of polynomials of degree at most n.

F={seC(lo,b]): &1 <... <&m) €T,
Pos -3 Pm GHnaS [ [é-iagi—l-l] :piaizov"')m}

minimise ||f — s|| subjecttos € I"



Existing results

> Existence (Schumaker 1968)

» Local optimality conditions (Nlrnberger, Schumaker, Sommer
and Strauss 1989; Sukhorukova and JU 2017)

» Sufficent global conditions (Nirnberger 1989)



Fixed knots formulation

First suppose that the knots &1, ..., x, are known. T

minimise u subject to

n
u=> at > f(t)  Vte & &l j=0,...
i=0
u—+ Z G,‘Jti > 7f(t) Vt € [fi, €j+1],j =0,...
i=0

n n
Z aij& — Z aij-1§ =0 j=0,...
i=0 i=0



Dual Formulation

maximise Z (v;” — y; )f(t) subject to (D=)
te(a,b]
S i +y) =1
tela,b)
S o0yt -zg+z8 =0 j=1,....n-1
tel§.&j+1]
S -yt +zg =0 (C=)
telén,nt1]
ST 0 -yt —zgi =0
tefo,é1]
yi >0,y >0 t € [a,b]

and a finite number of y; are positive.



Premilinary results

Any feasible solution to the dual is given by a nontrivial solution to
the system Wx = 0, for W of the form: The matrix

The blocks V; are Vandermonde-like.



Remark

minimise Z —y; )f(t) subject to
te(a,b]
S0y =1
tefa,b]
S Wyt -zt gag =0 j=1,...,n-1

telg,&+1]
S0 -yt 78 =0
telén,nt1]
ST -yt —zgi =0
te€o,é1]
yi >0,y >0 t € [a,b]

and a finite number of y; are positive.



Remark

maximise — > (y;" — y; )f(t) subject to

tefa,b]
N ) =1
tefa,b]
S Wyt -zt gag =0 j=1,...,n-1

telg,&+1]
Yyt +z8=0
te[&n»&n-‘rl]
YWyt —z6 =0
teléo,é1]
yi >0,y >0 t € [a,b]

and a finite number of y; are positive.



Remark

maximise Z (yi — y7 )(—f(t)) subject to

te(a,b)
N ) =1
tefa,b]
S Wyt -zt gag =0 j=1,...,n-1

telg,&+1]
Yyt +z8=0
te[&n»&n-‘rl]
YWyt —z6 =0
teléo,é1]
yi >0,y >0 t € [a,b]

and a finite number of y; are positive.



Remark

» the dual problem (Dz)-(Cz) is symmetric: if the maximum is u%,
then the minimum is —uz.

» There is a feasible solution taking any value [—u%, u],



Comparing with the solution

Let
U* =min|f—s
rsrglll lloo
ut = ||f = s

= = (..., &) theknots of s* and (y*, z*) the optimal dual
variable of (Dz).

Then u* € [—u%, ut].



An upper bound

ut e [—uf,ul] = Juz € [—uiui],ut <usV=EeT

We can estimate u* from above by solving the problem:

maximise u subjectto u € [—uz, uZ]



A upper bound

We can estimate u* from above by solving the problem:

maximise u subject to
> = —yi2)f () —u=0 EeT
te[a,b]
Z(ythWL‘thE):l =eT
te(a,b]
Y Uyt —zz§ 42500 =0 j=1,...,n—1LE€eT
telg €11l
> e -via)t +226=0 EeT
t€lén,€nt1]
> Wiz -yt —z26 =0 =EeT
tel€o,€1]
Yi= 20,y,=>0 telab,ZeT

and a finite number of y; = are positive for each =.

(1)



A upper bound

We can estimate u* from above by solving the problem:

maximise u subject to (D)
> = —yi2)f () —u=0 EeT
te[a,b]

ZO’:—E"’J’{E):l €T

tela,b]

Y Ule—yvia —z=g+25981=0 j=1,...,n—1,E€T
telg &1l ()

Z (‘Vt+5 _.ytTE)ti + 2155;1 =0 =2=eT

t€én,€nt1]

> Wiz —yee)t —z26 =0 EeT

. te[€o0,€1] J

Yz >0,z >0 telab,Z€T

and a finite number of y; = are positive for each =. (1)



A upper bound

We can estimate u* from above by solving the problem:

maximise usubject to (D)
Z (J/t J/t =)f(t)—u=0 =eT
te[a,b]
ZO’ELEWL,V{E)Zl EET
te(a,b]
> -yt -z +25-161=0 j=1,...,n-1,E€T
telg &1l (C)
Z (‘Vt+5 _yt:E)ti + 2155;, =0 =2=eT
t€én,€nt1]
Z (Y:ra _Ytjz)ti - Z/E'Ell =0 BET
L te[€o0,€1] J
Yiz >0,y;2 >0 tela,b,EeT

and a finite number of y; = are positive for each =. (1)



Dual IDLP

The dual problem of (D) is

minimise u subject to

U_Zald~t_WH )20 Vt€[§,7§,~+1],i20,...,m

u+ Z aijst' +w=f(t) >0
i=0

n n

i i -
E a;j =& — § aijz=-1§ =0 i=0,...
i—0 i—0

>we =

=ZeT

I

eT

vt € [&,&41],i =0,...,m

,m



IDLP

» Weak duality holds: if up and uq are feasible solutions to (D)
and (P), then up < up.

> Aduality gap may exist



Binary formulation

u* is the solution to the following problem:

minimise u subject to

n
u— Zai,f,Eti - WEf(t) >0 Vte [£i7€i+1]?i = Oa"'am7E eT
i=0

n
u—+ Z Gi’j,Eti +w=f(t) >0
i=0

n n

i i
> aij=g =Y =18 =0
i=0 i=0

vt e [§,6iv1],i =0,...,m

i=0,...

[1]

,m

eT



No Duality Gap

Proposition
Let u}, up and uf be the respective solutions of (D), (P) and (IP). Then

u

*
i

=u"<uj<up<uf



Bisection algorithm

1. Select a set of knots Z € T and find the solution uz to the
problem (Pz). Letut™ = u=z andu™ = 0.

2. Set N
u +u,
k k
Uy = ———-
k 2

and solve the system (C).

3. P Ifthe systemis feasible, then this provides a feasible solution to
the Problem (D=)-(Cz), and uy is a lower bound to the best
approximation. Setu;” ; = u} and u; = uy. Setk =k + 1
and go to Step 2.

» Otherwise there is no feasible solution for the value uy, and it
provides an upper bound to the best approximation. Set
uf,, =uckandu,, , = u, . Setk =k + 1and goto Step 2.
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